In this paper, we discuss the possibility of the anti-evaporation of degenerate Bardeen de-Sitter black hole. We solve the perturbation equations around the Nariai space-time. The solution of one of the perturbations related to the horizon size demonstrates that horizon of such black hole is constant. The other perturbation is also found to be stable. We further study thermodynamical properties of such black holes. We observe double phase transition at the Nariai limit.
Some more works on Bardeen black hole have been done in Refs. [27] [28] [29] [30] . Since the current cosmological data proves that the universe is accelerating, some of the properties of Bardeen black hole were studied in Ref. [31] by adding the cosmological constant. The cosmological constant is one of the candidates for the dark energy which gives rise the acceleration in the current Universe. The cosmological constant introduces a cosmological horizon. Therefore, it is interesting to test if anti-evaporation is possible in this black hole. We will discuss mainly anti-evaporation of Bardeen de-Sitter black hole and for completeness, we also study the instability of perturbation and thermodynamical properties of this black hole in the limiting case of Nariai space-time.
The paper is organized as follow: In Sec. II, we briefly review a mechanism for anti-evaporation in f (R)−gravity. We discuss the solution of Bardeen de-sitter black hole in Sec. III. In Sec. IV, we study the anti-evaporation and instability of the perturbations for the Bardeen-Nariai black hole in the presence of cosmological constant. Its thermodynamics is presented in Sec. V. The conclusion and future direction are given in Sec. VI.
II. ANTI-EVAPORATION IN F (R) GRAVITY
In this section, we review the formalism of anti-evaporation in a black hole at classical level by Odintsov and Nojiri in f (R) gravity [21] which was generalized from a theory of anti-evaporation by Bousso and Hawking [11] . In f (R) gravity the anti-evaporation is possible due to the purely classical effect. The anti-evaporation occurs when cosmological and event horizon coincide and the corresponding solution is called the Nariai solution. Let us consider the action of f (R) theory is
where G is Newton constant and R is Ricci scalar. The field equation corresponding to the action (1) is
where T µν is the energy momentum tensor. Assuming no matter (T µν = 0) and Ricci tensor is covariantly constant, i.e., proportional to the metric g µν , the field equation reduce to
The Eq. (3) admits Nariai space-time solution, where the line element is given by
where we need to introduce the new coordinates τ and x related to t and r via t = 2r
There are two horizons at r 0 and r 1 separated by a distance ǫ → 0 (r 1 = r 0 + ǫ) for Nariai space time. R 0 is constant Ricci scalar. For R 0 = 0, Λ becomes 1/r 0 . In order to understand the dynamics of the Nariai space-time, we need to perturb the metric (4). The perturbed metric is
Substituting these expressions into field equations, a set of equations in perturbations δρ and δφ is obtained. By considering F ′′ (R 0 ) = 0, a unique solution is obtained which is given by,
where ω and β are real parameter related by the field equation and horizon radius r h . The horizon of the black hole can be defined by the relation
By assuming δφ = φ 0 cosh ωt cosh β x, we have
because of ω 2 = β 2 [21] , δφ = δφ h = φ 0 cosh 2 βt. Eq. (5) shows that e −φ /Λ can be regarded as a radius coordinate, one may define the radius of the horizon using the Eq. (4) by
If φ 0 < 0, the horizon radius of the black hole increases and the anti-evaporation occurs corresponding to the increasing absolute value of |δφ|. Using this formalism, we study the anti-evaporation problem in Bardeen de-Sitter Black Hole. If we include the quantum correction the evaporation may be possible. However, we will consider only the classical phenomenon in this paper.
III. BARDEEN DE-SITTER BLACK HOLE
The action of Einstein gravity in the presence of nonlinear electromagnetic field and cosmological constant is
Here R is Ricci scalar, Λ is a cosmological constant and L(F ) is the Lagrangian of nonlinear electromagnetic field and has the following form,
where F = F µν F µν , F µν is the electromagnetic field tensor, g and M are the magnetic monopole charge and mass of black hole, related by equation s = |g|/2M . The equations of motion can be obtained by varying the action (11) with respect to the metric g µν , the maxwell field A µ respectively. These equations are given as,
and the energy momentum tensor turns out to be,
In order to find the static spherical symmetric black hole solution, we consider the following line element
with
Following the ansatz for Maxwell equation
which leads only non zero components F θφ = −F φθ = g sin θ and on solving the equations (13) with energy momentum tensor (14) we obtain the following solution,
This is the solution of regular de-Sitter black hole called the Bardeen de-Sitter black hole [31] . The Nariai Solution is obtained when the cosmological and event horizon coincide. The detail study of horizons is discussed in Ref. [31] . The horizon of the Nariai space-time solution (one of the solution for extreme black hole) is given by,
with associated mass of the black hole,
The Nariai solution exists only if 8Λg 2 < 1. Near the Nariai space-time, we may write the approximated form of the function f (r) as
where, r c and r h are cosmological horizon and event horizon respectively. Now, we transform the old coordinates r and t to new coordinates χ and ψ as follows
where ǫ is a parameter which differentiate two horizons. For χ = 0 and χ = π, we get r = r ex + ǫ = r c and r = r ex − ǫ = r h respectively. We note that for ǫ → 0 both horizons coincide. In this limiting case, the line element of Bardeen de-Sitter black holes in new coordinates becomes
In this space-time f ′′ (r ex ) is given by
The line element (22) is similar as in the case of the Nariai space-time
with a difference of the signatures for ψ and χ. Next we study the perturbation around the solution for the Nariai space-time.
IV. ANTI-EVAPORATION
In this section, we study the anti-evaporation of Bardeen de-Sitter black hole in the limit of Nariai space-time. The solution is obtained from the equation of motion at the linear order of the perturbation theory. In addition, we will also discuss the instabilities of perturbation of Bardeen de-Sitter black hole in the Nariai limit.
A. Perturbation
In general, to know how the horizon evolves, we perturb the space-time as follows,
However, the off-diagonal Einstein's equation demands that the spatial part of perturbations should be proportional to sin(χ)
where prime ′ denotes the derivative with respect to χ. Integrating, we get the solution as f 3 = f 30 sin χ with f 30 as a constant. Therefore, we choose the forms of perturbations as following
where
Adding Eq. (28) and Eq. (29), we have
The solution of Eq. (31) is given by,
where, C 1 and C 2 are constants. Therefore, the solution for δφ is given by
One can write the above solution in more simpler form by using the condition at the horizon,
which provides a relation between the coordinate χ and ψ as follows,
Or,
Thus, the solution now becomes,
We notice that the perturbation δφ becomes constant with respect to ψ. The perpurbation might have increasing behavior with respect to ψ (see Eq. 33 ). However, at horizon, we have a constant soution for the perturbation which is due to Eq. (34). In the following subsection (IV B), we discuss about the size of horizon and other perturbation δρ.
B. Horizon Tracing and instability
As stated above, the perturbation δφ becomes constant at the horizon. Now the horizon r h is given by
Here, we note that we have constant solution for horizon which proves that the black hole at classical level does not (anti-)evaporate. We now look for the other perturbation part δρ by using Eq. (30 
Simplifying, we obtain,
Using Eqs. (31) and (36), the above Eq. (40) turns out to be,
Or,f
Thus, in the limit ψ → ∞, where γ → 0, the solution of Eq. (41) can be written as
where, C 3 and C 4 are constants. The above solution provides δρ as
We notice that the Nariai space-time arises in the case where condition r 2 ex = 1 + 1 − 8g 2 Λ /(2Λ) is satisfied, i.e., where event and cosmological horizon coincide. The perturbation equations also depend on the all the constraints equations which are due to this special case. Nariai space-time enforces to the perturbations δφ and δρ to be unstable in general. However, at the horizon, due the condition (34) the perturbations δφ, δρ are stable. The growing and the decreasing solutions for horizon represent anti-evaporation and evaporation respectively. We obtain constant horizon solution for Bardeen black hole in this space-time which explain Bardeen de-Sitter black hole does not (anti-)evaporate classically. We can compare the solution with solution obtained in F (R)-theory [21] . In F (R)-theory, we can get evolution of horizon despite the presence of involved constraint relations. However, we obtained different solution from f(R)-theory. The constant solution is obtained, since non-linear Electrodynamic term does not involve in the dynamics. The perturbation δρ has also similar behavior. It has a finite value for large ψ. We may think of standard Hawking radiation effect as well as anti-evaporation effect due to the quantum effect. If anti-evaporation would be effective then it might prolong the lifetime of primordial black hole. The analytical solution of perturbation δφ and δρ are given in Eq. (37) in Eq. (44) respectively.
V. THERMODYNAMICS
In this section, we study the thermodynamical properties of Bardeen de-Sitter black hole in the limit of Nariai space-time. The black hole is characterized by mass M , cosmological constant Λ and magnetic monopole charge g.
The horizon is obtained by f (r) = 0 and plotted in Fig. (1) with fixed value of the parameters. The Nariai black hole appears when the two horizons have the same size ( cosmological and event horizons). The degenerate horizon appears at r ex = 4.13 with a set of parameters M, g and Λ equal to 1.395, 0.3 and 0.058 respectively. The mass of the black hole is defined as via horizon radius r + ,
(45) The size of the black hole varies between the inner horizon (r in ) and cosmological horizon r c . When the size of black hole approaches to the inner horizon, one would expect that the radiation coming from the direction of cosmological horizon r c is negligible and the black hole evaporates like Bardeen black hole. However, in Nariai black hole two horizons will have the same size and the temperature, therefore it may anti-evaporate. The temperature (T = κ/2π, where κ is the surface gravity κ = f ′ (r + )/2) associated with the black hole solution (17) reads The temperature reaches at the maximum value at T max = 0.5946 at r + = 0.7926 and vanishes at r ex = 4.1303. Finally, we analyze the thermodynamic stability of Bardeen de-Sitter black hole. The heat capacity is defined as
substituting the value of mass (45) and temperature (46) into (47), we obtain the specific heat
It is difficult to analyze the heat capacity analytically hence we plot it in Fig. (2) with a particular value of mass M , cosmological constant Λ and magnetic monopole charge g. The thermodynamical stability depends upon the sign of heat capacity. C ex > 0 and C ex < 0 correspond the thermodynamical stable and unstable phase respectively. We observed that the heat capacity is discontinuous at inner horizon r in = 0.7926 at which the temperature reaches to the maximum value T max = 0.5946. Hence the phase transition occurs from a region with positive heat capacity to a region of negative heat capacity. We also observed that the double phase transition at r ex = 4.1303, where the temperature vanishes.
VI. CONCLUSION
The existence and importance of primordial black hole have been studied in the some of the literature as mentioned in the introduction. Anti-evaporation could increase the lifetime of such black hole. Since Bardeen de-Sitter black hole is a regular black hole and has cosmological horizon due to the cosmological constant term, we studied anti-evaporation for this black hole under the condition where event horizon and cosmological horizon becomes same. We found that under such condition of Nariai space-time, the size of horizon is constant with time which proves that Bardeen de-Sitter black hole does not anti-evaporate. There could be possibility of anti-evaporation due to quantum effect or classically if we consider F (R)-gravity. One may look for anti-evaporation in both scenarios. If anti-evaporation is found under such assumption then this kind of black hole may live for long time and could be created in the very early universe.
For the comparison to the other recent theories which describe anti-evaporation, some discussion are in the order. In the Ref. [24] , bigravity is tested for the phenomenon of anti-evaporation at classical level and it is shown that anti-evaporation is not possible in bigravity and it is concluded that it might be possible in F (R)-bigravity. Furthermore, in very recent work [32] , authors are developing five-dimensional F (R)-theory to explain anti-evaporation of black hole. In F (R)-gravity, increasing horizon solution is obtained. In F (R)-theory, the anti-evaporation is possible due the complicated nature of gravity with some constraints. However, in the considered theory, we did not find anti-evaporation due to constant solution for the horizon. This is because of non-linear source term of electrodynamic is not effective in the dynamical calculation for the perturbation δφ. Furthermore, cosmological constant plays an essential role for the cosmological horizon. Thus it might be interesting if one performs perturbation analysis with considered non-linear source term of electrodynamic in F (R)-gravity removing the cosmological constant term.
We discussed about the perturbations around the Nariai metric. We have got analytical solution for both the perturbations. We found that they are stable at horizon. This is an interesting result which motivates for further study of anti-evaporation in this black hole either considering quantum effect or F (R)-gravity at classical level. We, finally, studied the thermodynamical properties of Bardeen de-Sitter black hole. We observed that the temperature at Nariai-horizon becomes zero and at inner horizon it is maximum. Furthermore, the heat capacity is discontinuous at the inner horizon and there is double phase transition at Nariai-horizon.
